Non-uniform multi-carrier Ramanujan Fourier Multi-tone (RFMT) systems have low transmission efficiency because of their large transform length. This paper demonstrated that the signs of received symbols before demodulation remain unchanged as long as the product of transform matrix and its transpose is dominated by its diagonal elements. Thus, it is possible to recover the transmitted bits from truncated transform vectors. Analysis and simulation results show that the truncated RFMT realizes non-uniform spectrum distribution similar to that of RFMT. When its transmission efficiency is twice of that of RFMT, i.e. the transform length is truncated to half of the original length, it still has the same anti-noise performance as RFMT. Thus, the truncated RFMT systems not only enjoy higher transmission efficiency, but also enable a flexible tradeoff between efficiency and reliability for various channel qualities.
complexity are less than the other non-uniform schemes [10] , including non-contiguous OFDM(NC-OFDM) [11, 12] and Warped Discrete Fourier Transform(WDFT) based nonuniform multi-carrier system [13, 14] .
In RFMT, the size of transform matrix or transform vector may be very large since both the signs and amplitudes of the transmitted symbols are exactly recovered. Large transform length lowers the transmission efficiency. This paper reveals that only the signs of the received symbols are sufficient to recover the transmitted bits. Moreover, it demonstrates that the signs of the received symbols keep unchanged as long as the product of transform matrix and its transpose is dominated by its diagonal elements. In view of the above, a transform length truncated RFMT(TLT-RFMT) is proposed to achieve much better transmission efficiency with short transform vector. Moreover, the proposed TLT-RFMT not only enables a flexible tradeoff between efficiency and reliability for different channel qualities, but also enjoys lower complexity than RFMT.
The rest of this paper is organized as follows. Section 2 provides background on RFMT system. Section 3 constructs TLT-RFMT system and demonstrates the principle of the transform length truncated. Section 4 evaluates the proposed scheme TLT-RFMT through simulation. Finally, Section 5 concludes this paper.
RFMT system
The transform basis of RFMT system is based on RS, which are sums of the n th powers of q th primitive roots of unity [6] ,
where q means the sequence number of the RS, (p, q)=1 means p and q are co-prime, and i means the imaginary unit. Define
as the modulated symbols vector in the binary phase-shift keying(BPSK), and 
Ramanujan-Fourier Transform(IRFT) and Ramanujan-Fourier Transform(RFT) [15] of x are defined as follows,
where 
where the LCM means the least common multiplier operation. The diagram of RFMT system is depicted in Fig. 1 , where P/S means the parallel to serial operation and S/P means the serial to parallel operation. In the transmitter, a group of transmitted bits are converted to a modulated vector x of N symbols by BPSK modulation. Then, a transmitted vector of L symbols is generated from x by the IRFT. In the receiver, the transmitted bits can be recovered by the RFT and BPSK demodulation.
The 
TLT-RFMT system
In fact, Equation (7) is a sufficient condition for exact recovery of the transmitted symbols, including their signs and magnitudes. However, signs are sufficient to recover the transmitted bits. According the following theorem, we demonstrate that the recovery of signs of the received symbols requires much shorter transform vector in the proposed TLT-RFMT system. Thus, it is possible to significantly improve the transmission efficiency of RFMT by truncating the transform vector.
Before we present the following theorem, we would like to define
as the received symbols vector after RFT, R st as the truncated matrix of R s and L T as the transform vector length. Then the IRFT and RFT with R st can be written
The product of R st and its transpose is denoted by
If the elements of the R st matrix satisfy Theorem 1, i.e. the D matrix is dominated by its diagonal elements, we can recover the transmitted bits correctly by the signs of received symbols.
Theorem 1. If the elements of the matrix
then the elements of ' x have the same signs as those of x at the same index.
Proof: Substituting (8) into (9), we have
The every element of ' x is written
Since L T and the value of φ(·) are positive constant, they only decide the magnitude of the elements of ' x . Their signs are determined by x have the same signs as those of x at the same index. Consequently, we have proved that the transmitted bits can be correctly recovered from the signs of the received symbols in the TLT-RFMT. In other words, the signs of the received symbols keep unchanged as long as the matrix D is dominated by its diagonal elements.
Analysis and Simulation
As analyzed in RFMT system, its efficiency is determined by the length of c t . The shorter the length, the better transmission efficiency. However, it has a lower bound for the length. Fig. 2 and Fig 3. The results show that TLT-RFMT realizes the non-uniform spectrum distribution and its distribution is similar as RFMT. T . TABLE I lists the transmission efficiency for different transform length. As shown in fig. 4 , TLT-RFMT with L T =105 and 70 almost have the same anti-noise performances as RFMT. In other words, it also proves that the degradation of the spectrum distribution does not degrade the anti-noise performance when L T is greater than L/2, one half of the complete transform length. In addition, TABLE I shows that the transmission efficiency of the TLT-RFMT with L T =70 is 2 times of that of RFMT. If we use more aggressive truncation, L T =35, a quarter of L, Theorem 1 is still satisfied. Thus, TLT-RFMT is able to recover the transmitted bits. There is a performance gap within 2 dB between RFMT and TLT-RFMT when BER is about 10 -5 . However, the transmission efficiency of TLT-RFMT is 4 times of that of RFMT. In other words, when the channel is better, TLT-RFMT is able to use shorter transform length for higher transmission efficiency; when the channel is worse, it is able to use longer length for better anti-noise performance. 
Conclusion
The proposed TLT-RFMT system improves the transmission efficiency by truncating the transform vector. Analysis and simulation results show that the TLT-RFMT has non-uniform spectrum distribution. Moreover, its anti-noise performance is almost the same as the RFMT when the truncation is moderate. These results in the paper validate the practical feasibility of TLT-RFMT non-uniform scheme.
